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Abstract. The boundary of the region in spacetime containing future-trapped closed surfaces
is considered. In asymptotically flat spacetimes, this boundary does not need to be the event
horizon nor a dynamical/trapping horizon. Some properties of this boundary and its localization are
analyzed, and illustrated with examples. In particular, fully explicit future-trapped compact surfaces
penetrating into flat portions of a Vaidya spacetime are presented.
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INTRODUCTION
In this contribution I would like to address the following question: what is the surface
of an evolving black hole? Concentrating on the case of asymptotically flat black holes
[13, 14], the standard candidate is the event horizon (EH). Unfortunately, EH suffers
from a serious problem: it is teleological, depending on the whole future evolution of the
spacetime. However, if a black hole is evolving or forming, we would like to know how
to recognize it —and we, of course, do not control nor know the entire future evolution
of the spacetime.
This led to the definition of some quasi-local objects, essentially the future outer
trapping horizons [15, 16] and the dynamical horizons [4], in order to characterize the
boundary of asymptotically flat black holes, see [4, 5, 9, 21] and references therein. Both
of these quasi-local objects are spacelike marginally trapped tubes [5]: hypersurfaces
foliated by marginally future-trapped closed surfaces. It turns out, however, that these
quasi-local horizons are not unique in general [5]. Even more problematic, they do not
separate regions with and without future-trapped surfaces, as follows from the result
in [7]: closed future-trapped surfaces can penetrate flat regions of imploding Vaidya
spacetimes. This will be summarized in the next section. Thus the quasi-local horizons
are of limited use concerning the question under study.
On the other hand, Eardley [12] conjectured that the EH is the boundary of the set
of marginally outer future-trapped closed surfaces —these are compact surfaces with
vanishing outer expansion, see e.g. [1, 2]. This conjecture holds true for the imploding
Vaidya spacetimes [6]. An obvious question arises: what is the boundary B of the set
of truly future-trapped closed surfaces? B is a boundary enclosing the region where
dynamical and future outer trapping horizons can exist. It follows that B is a good
candidate for the sought "surface of a black hole", for it is the genesis of quasi-local
horizons and f-trapped closed surfaces.
Hence,B is the main object to be analyzed herein. In [6] it was proven thatB 6= EH
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in general. Moreover, from the mentioned result in [7] follows that B does penetrate
flat portions of imploding black hole spacetimes, which immediately rules out the quasi-
local horizons as candidates for B. Actually, B cannot contain any marginally future-
trapped closed surface. This, together with other results for B found in [8], will be
presented here. Even though the techniques can be used in general situations, I will
concentrate on the case of spherical symmetry. For this case, very definite limits on the
location of B will be given. For the exact characterization —and precise location—of
B in spherical symmetry readers are referred to [8].
Preliminaries and notation: the trapped surface fauna
Let (V ,g) be a 4-dimensional causally orientable spacetime with metric gµν of
signature −,+,+,+. Let S be a connected 2-dimensional surface with local intrinsic
coordinates {λA} imbedded in V by the smooth parametric equations xα = Φα(λA)
where {xα} are local coordinates for V . The tangent vectors~eA of S are locally given by
~eA ≡ eµA
∂
∂xµ
∣∣∣∣
S
≡ ∂Φ
µ
∂λA
∂
∂xµ
∣∣∣∣
S
so that the first fundamental form of S in V is: γAB ≡ gµν
∣∣
S
∂Φµ
∂λA
∂Φν
∂λB . We assume that
S is spacelike ergo γAB is positive definite. The two linearly independent one-forms k±µ
normal to S can be chosen to be null and future directed everywhere on S, so they satisfy
k±µ e
µ
A = 0, k
+
µ k
+µ = 0, k−µ k
−µ = 0, k+µ k
−µ =−1.
The last equality is a condition of normalization despite which there remains the freedom
k+µ −→ k′+µ = σ2k+µ , k−µ −→ k′−µ = σ−2k−µ (1)
where σ2 is a positive function defined on S. The orthogonal splitting into directions
tangential or normal to S leads to the standard formula [19, 24]:
∇~eA~eB = Γ
C
AB~eC−~KAB
where ΓCAB are the symbols of the Levi-Civita connection ∇ of γ and ~KAB is the shape
tensor of S in (V ,g). Observe that ~KAB = ~KBA and it is orthogonal to S, so that we can
write
~KAB =−K−AB~k+−K+AB~k− .
K±AB are the two null (future) second fundamental forms of S in (V ,g), defined by
K±AB ≡−k±µ eνA∇νeµB = eµBeνA∇νk±µ .
The shape tensor enters in the fundamental relation
eµAe
ν
B∇µvν |S = ∇AvB+ vµ |SKµAB (2)
where, for all vµ we denote by vB ≡ vµ |S eµB its projection to S.
The mean curvature vector of S in (V ,g) [24, 19] is defined as
~H ≡ γAB~KAB
where γAB is the contravariant metric on S. ~H is orthogonal to S, invariant under trans-
formations (1) and
~H =−θ−~k+−θ+~k−, θ± ≡ γABK±AB.
θ± are called the (future) null expansions.
The class of generically future trapped (f-trapped from now on) surfaces are char-
acterized by having ~H pointing to the future everywhere on S, and similarly for past
trapped. These conditions can be equivalently expressed in terms of the signs of the ex-
pansions: θ± ≤ 0. A convenient way of visualizing the possible cases is achieved by
using an arrow notation for ~H and the convention that upwards means “future" and 45o
means “null". The full list of possibilities for generically f-trapped surfaces is collected
in the next table where the symbol is defined by the causal orientation(s) of ~H: see [32]
for further details and a refined classification.1
~H-orientation Expansions Type of surface
↗ θ+ = 0,θ− < 0 marginally f-trapped
↖ θ+ < 0,θ− = 0 marginally f-trapped
↑ θ+ < 0,θ− < 0 f-trapped
˙ ↘ θ+ = 0,θ− ≤ 0 partly marginally f-trapped
˙
↘
θ+ ≤ 0,θ− = 0 partly marginally f-trapped
˙
↓
θ+ ≤ 0,θ− ≤ 0 (θ+ = 0⇔ θ− = 0) partly f-trapped
↑↗ θ+ ≤ 0,θ− < 0 almost f-trapped
↖↑ θ+ < 0,θ− ≤ 0 almost f-trapped
↙
˙
↘
θ+ ≤ 0,θ− ≤ 0, θ+θ− = 0 null f-trapped
↙
˙
↓
θ+ ≤ 0,θ− ≤ 0 (θ− = 0⇒ θ+ = 0) feebly f-trapped
˙
↓↘
θ+ ≤ 0,θ− ≤ 0 (θ+ = 0⇒ θ− = 0) feebly f-trapped
↖↑↗ θ+ ≤ 0,θ− ≤ 0 (θ++θ− < 0) weakly f-trapped
↙
˙
↘↑ θ+ ≤ 0,θ− ≤ 0 nearly f-trapped
Here the · indicates the cases with ~H =~0. The important case of minimal surfaces has
θ+ = θ− = 0 (that is ~H =~0) everywhere on S and can be considered as a limit case.
1 This is to be compared with [35, 5, 14], as sometimes different names are given to the same objects, and
vice versa, different objects are called with the same name.
CLOSED TRAPPED SURFACES PENETRATE FLAT REGIONS OF
IMPLODING VAIDYA SPACETIMES
Consider the Vaidya spacetime with incoming radiation, whose line-element is [34, 33]
ds2 =−
(
1− 2m(v)
r
)
dv2+2dvdr+ r2dΩ2 (3)
where dΩ2 is the standard metric on the unit round spheres, v is radial null advanced
time and m(v)≥ 0 is the mass function. The Einstein tensor of (3) takes the form
Gµν =
2
r2
dm
dv
`µ`ν
where the null vector field
~`=−∂r, `µdxµ =−dv (`µ`µ = 0)
is future pointing. Hence, if Einstein’s field equations are assumed, the energy conditions
[14] imply
dm
dv
≥ 0. (4)
The preferred 2-spheres (defined by constant values of v and r) have the following
null expansions
θ+ =
1
2r
(
1− 2m(v)
r
)
, θ− =−1
r
where~k− = ~` and~k+ = ∂v+(1/2−m(v)/r)∂r. Hence, they are (marginally) f–trapped
if and only if r < 2m(v) (r = 2m(v)). The hypersurface defined by
AH: r−2m(v) = 0
is foliated by marginally f-trapped 2-spheres. It is called the spherically symmetric
“apparent 3-horizon". It can be checked that AH is a spacelike hypersurface whenever
dm/dv> 0, and it is null where dm/dv= 0. Therefore, AH is a dynamical horizon [4] as
well as a future outer trapping horizon [15, 5] on the region where it is spacelike —and
an isolated horizon [4] where m(v) =const.
The analysis will be restricted to cases with a continuous piecewise differentiable
m(v) such that
m(v) = 0 ∀v < 0; m(v)≤M < ∞ ∀v > 0 (5)
together with (4), where M is a constant (the final total mass). These Vaidya spacetimes
tend asymptotically to the Schwarzschild solution with total mass M. Observe, on the
other hand, that the spacetime is flat for the entire portion with v < 0.
The event horizon EH is a spherically symmetric null hypersurface due to its definition
as ∂J−(J +)whereJ + denotes future null infinity [13, 14, 35]. One has r|EH ≥ 2m(v),
the equality holding only if m(v) = M for all v > v1. It is important to realize that
EH penetrates the flat portion of the spacetime — a manifestation of its teleological
character. The actual position of EH depends on the form of the mass function m(v). To
be specific, we are going to choose the following simple case [17]
m(v) =
 0, v≤ 0µv, 0≤ v≤M/µM, v≥M/µ (6)
where µ is a positive constant. This spacetime is self-similar in the non-empty region 0<
v<M/µ , and describes the collapse of a finite shell of incoherent radiation entering flat
spacetime in a spherically symmetric manner from the past, leading to a Schwarzschild
black hole of mass M. To avoid the formation of naked singularities the restriction
µ > 1/16 must be imposed [17, 26, 22]. The Penrose diagram of this particular Vaidya
spacetime is depicted in figure 1.
Closed f-trapped surfaces cannot extend all the way up to the portion of EH in the flat
region, as was proved in [6]. However, numerical investigations [27] were incapable
of finding closed f-trapped surfaces to the past of the apparent 3-horizon AH. The
resolution of whether or not f-trapped closed surfaces can penetrate into the flat region
—and then also cross the AH— was solved only recently in [7], where fully explicit
examples are constructed. These surfaces are composed of the following parts:
• Flat region: a topological disk given by the hyperboloid
θ = pi/2; v = t0+ r−
√
r2+ k2
with constants t0,k.
• Vaidya self-similar region: a topological cylinder defined by θ = pi/2 and
√
v2−bvr+ar2 =C exp
{
b
2
√
a−b2/4 arctan
(
2v−br
2r
√
a−b2/4
)}
where a,b and C are constants subject to a> b2/4. These have dr/dv= 0 at v= br.
• Schwarzschild region: another disk composed of two parts
– a cylinder with θ = pi/2; r = γM where γ is a positive constant.
– another final “capping" disk defined by(
θ − pi
2
+δ
)2
+
(
v
γM
− c1
)2
= δ 2
with constants c1 and δ .
The total surfaces are topologically S2, and they are future-trapped if t0 < k, k > 0,
0 < a < b, 1 > γ = (1/bµ), a≥ 1/µ , 0 < δ ≤ pi/2 and√
2
γ−1
(
1
γ
−1
)
>
1
δ
.
i−
r
=
0
r = 0 singularity i+
J +
i0
J −
v =
0
EH
A
H
=
E
H
v =
M
/µ
AH
flat
flat
Σ
Schwarzschild
r
=
γ
M
FIGURE 1. Conformal diagram of spacetime (3) with (6). The discontinuous line marked as r = 0 is the
origin of coordinates. A dressed curvature singularity is present at r = 0, v > 0. This is a spacelike future
singularity. The spacetime is initially flat until null radiation flows in spherically from past infinity starting
at v= 0. The shaded region is a pure self-similar Vaidya spacetime. The spacetime becomes Schwarzschild
with mass M for all v > M/µ . The apparent 3-horizon AH is spacelike in the shaded Vaidya region and
then merges with EH at the 2-sphere v=M/µ , r = 2M. Notice that EH starts developing in the flat region.
The portion above EH but below v= 0 is a causal diamond in flat spacetime —the intersection of two light
cones— and therefore it can de drawn without conformal distortion. A f-trapped closed surface entering
the flat region is explicitly constructed in the main text. In the diagram it is represented by the dotted line,
with a final portion within the r = γM hypersurface, with γ < 0.68514. Nevertheless, f-trapped closed
surfaces cannot extend below the hypersurface Σ represented by the dashed line, and they all must have a
non-empty portion above the AH, as it is explained in the main text.
These conditions imply in turn a restriction on the growth of the mass function [7]:
µ =
1
γb
>
1
γ
b
4a
>
1
4γ
, γ < 0.68514.
It should be remarked that this construction of an explicit f-trapped closed surface is not
optimal in the given Vaidya spacetime, so that there may well be examples for smaller
values of µ . However, from the restrictions that we will impose later by means of the
hypersurface Σ —see the next section—, f-trapped closed surfaces can never penetrate
the flat region if µ ≤ 1/8.
The following conclusions are drawn from these results: (i) closed f-trapped surfaces
can penetrate flat spacetime regions if the mass function rises fast enough; (ii) the
dynamical horizon AH is not the sought for boundary B in general; and (iii) the
teleological character of the EH translates into a non-local property of closed trapped
surfaces, for they can have portions in a region of spacetime whose whole past is flat as
long as some energy crosses them elsewhere to make their compactness feasible.
FUNDAMENTAL GENERAL RESULTS
The main results leading to a better localization of the boundary B come from the
interplay between (generalized) symmetries and generically trapped surfaces. They are
fully general and based on ideas presented in [23, 29, 30, 31].
We start with the identity (£~ξg)µν =∇µξν+∇νξµ for arbitrary vector fields
~ξ , where
£~ξ denotes the Lie derivative with respect to
~ξ . Projecting to S and using (2)
(£~ξg|S)µν e
µ
Ae
ν
B = ∇AξB+∇BξA+2ξµ |SKµAB .
Contracting now with γAB we get the main formula to be exploited repeatedly in what
follows
1
2
Pµν(£~ξg|S)µν = ∇Cξ
C
+ξρHρ (7)
where
Pµν ≡ γABeµAeνB
is the orthogonal projector of S —it projects to the part tangent to S.
This elementary formula (7) is very useful. Observe, for instance, that if S is compact
without boundary ∮
S
ξρHρ =
1
2
∮
S
Pµν(£~ξg|S)µν
so that the sign of ξρHρ is related to the sign of the projection to S of the deformation
(£~ξg)µν . Thus,
if ~ξ is future-pointing on a region R ⊂ V , then the closed S cannot be
contained inR and generically f-trapped if
∮
S P
µν(£~ξg|S)µν ≥ 0.
The only exception is the case where S is (partly) marginally f-trapped, ~ξ |S is null and
proportional to ~H and Pµν(£~ξg|S)µν = 0.
This general conclusion is applicable, for example, to conformal Killing vectors [33]
(including the homothetic and proper Killing vectors) and to Kerr-Schild vector fields
[10]. The former satisfy
(£~ξg)µν = 2ψgµν (8)
for some function ψ , so that Pµν(£~ξg|S)µν = 4ψ|S. Thus, the condition used in the
reasoning above reduces to simply
∮
Sψ ≥ 0. The Kerr-Schild vector fields are defined
by
(£~ξg)µν = 2h`µ`ν , (£~ξ `)µ = b`µ (9)
for some functions h and b, where `µ is a fixed null one-form field (`µ`µ = 0). Therefore
Pµν(£~ξg|S)µν = 2h ¯`A ¯`A and the condition holds if h|S ≥ 0.
Consider now the case where ~ξ is hypersurface orthogonal
ξ[µ∇νξρ] = 0 ⇐⇒ ξµ =−F∂µτ
for some local functions F > 0 and τ . The hypersurfaces τ =const. are called the level
hypersurfaces and they are orthogonal to ~ξ .
Assume again that ~ξ is future-pointing on R ⊂ V , then any minimal or
generically f-trapped surface S cannot have a local minimum of τ at any point
q ∈R such that Pµν(£~ξg)µν |q ≥ 0.
This follows because at any local minimum ξ¯A|q = 0 from where one can derive using
the main formula (7)
F¯γAB
∂ 2τ¯
∂λA∂λB
∣∣∣∣
q
= −1
2
Pµν(£~ξg)µν
∣∣∣∣
q
+ ξρHρ
∣∣
q
so that ∂ 2τ¯/∂λA∂λB|q cannot be positive (semi)-definite. A detailed complete proof is
given in [8].
Some important remarks are in order here: first of all, observe that S does not need
to be compact, nor fully contained in R. Letting aside the exceptional possibility of
minimal surfaces contained in a τ =constant hypersurface if they have Pµν(£~ξg)µν |S =
0, this result implies that, under the stated conditions, one can always follow a connected
path along S∩R with decreasing τ . Note, also, that the result applies in particular but not
only to (i) static Killing vectors, (ii) hypersurface-orthogonal causal conformal Killing
vectors (8) withψ ≥ 0, and (iii) hypersurface-orthogonal causal Kerr-Schild vector fields
(9) with h≥ 0.
Finally, consider the possibility of surfaces, compact or not, contained in one of the
level hypersurfaces τ =constant in R. In that case, ξ¯A = 0 all over S∩R hence (7)
implies
2ξρHρ = Pµν(£~ξg|S)µν .
Thus, at any point x ∈ S such that Pµν(£~ξg)µν |x ≥ 0, ~H|x cannot be timelike future-
pointing, and it can be future-pointing null or zero only if Pµν(£~ξg)µν |x = ξµHµ |x = 0.
Application to the Vaidya imploding spacetime
The Vaidya spacetime (3) has a proper Kerr-Schild vector field of type (9) relative to
the null direction ~` given by ~ξ = ∂v [10], because
(£~ξg)µν = 2
dm
dv
`µ`ν , (£~ξ `)µ = 0
so that the function h in (9) is h = dm/dv ≥ 0. Note that ~ξ is hypersurface orthogonal,
with the level function τ given by
ξµdxµ =−Fdτ = dr−
(
1− 2m(v)
r
)
dv (10)
Concerning the causal character of ~ξ , notice that
ξµξ µ =−
(
1− 2m(v)
r
)
, `µξ µ =−1
so that ~ξ is future pointing on the regionR =R0∪AH, withR0 : r > 2m(v), timelike
onR0 and null at the AH.
Hence, the results in this section are applicable to ~ξ :
If the Vaidya spacetime (3) satisfies (4) and (5), then no closed generically
f-trapped surface S can be fully contained in the regionR0. And the only ones
contained in the regionR : r ≥ 2m(v) are the marginally f-trapped 2-spheres
foliating the AH.
Standard results [14, 35] imply that no generically f-trapped closed surface can pen-
etrate outside the EH. Given that EH is the past Cauchy horizon [14, 28, 35] of AH,
EH=H−(AH), the following conclusion follows:
no closed generically f-trapped surface can be fully contained in the region
D−(AH), so that they must penetrate the region J+(AH) (given by r≤ 2m(v).)
This agrees with theorem 4.1 in [5].
With regard to the boundary B, we already know that closed trapped surfaces cross
AH, and that the portion of EH within the flat region cannot be part of B. But one can
do even better and provide further restrictions on the location ofB. Put
τΣ ≡ inf
x∈AH
τ|x .
It should be observed that τΣ is the least upper bound of τ on EH. The hypersurfaces
τ = τc are spacelike everywhere (and approaching i0) if τc < τΣ, while they are partly
spacelike and partly timelike, becoming null at AH, if τc > τΣ. The location of the
spherically symmetric hypersurface Σ depends on whether dmdv (0) > 1/8 or not. In the
former case, Σ does enter into the flat region. It may not be so in the other cases.
Σ is shown in figure 1 for the particular case with (6) and µ > 1/8. Notice that a
characterization of Σ is: the last hypersurface orthogonal to ~ξ which is non-timelike
everywhere.
Σ is a relevant spacetime object because:
No closed generically f-trapped surface penetrates the region with τ < τΣ.
The proof of this result uses the fact that the closed set above EH and below Σ is
contained in the region R where ~ξ is future pointing so that any compact S entering
there will reach a minimum. But then one checks that this minimum should be local
[6, 7]. The results of this section imply then that S cannot be generically f-trapped.
The hypersurface Σ is a past limit for f-trapped closed surfaces. In fact, they cannot
even touch Σ, as follows from the fact that τ is decreasing along a connected path in S.
Thus, finally we deduce that
all f-trapped closed surfaces lie in τ > τΣ and have points with r < 2m(v).
Thus,B ⊂ {τ ≥ τΣ}∩{r ≥ 2m(v)}.
THE GENERAL SPHERICALLY IMPLODING SPACETIME
The previous results can be generalized to the general imploding spherically symmetric
spacetime with an asymptotically flat end. The line-element can be written as
ds2 =−e2β
(
1− 2m(v,r)
r
)
dv2+2eβdvdr+ r2dΩ2 (11)
where now β (v,r) and the mass function m(v,r) depend on r and the null advanced
time v. The spherically symmetric apparent 3-horizon AH is a marginally trapped tube
defined by
AH : r−2m(r,v) = 0 .
AH is spacelike, null or timelike according to whether ∂m∂v
(
1−2∂m∂ r
)∣∣∣
AH
is positive,
zero or negative. As before, let us define the region where the round 2-spheres are
untrappedR0 : r−2m(v,r)> 0.
Assume that the total mass function is finite and that there is an initial flat region:
m(v,r) = 0 ∀v < 0; ∀v > 0
{
0≤ m(v,r)≤M < ∞
m(v,r) 6≡ 0 .
Then there is a regular J + and associated event horizon EH [11]. AH1 denotes the
connected component of AH associated to this EH. It separates the region R1, defined
as the connected subset of R0 containing the flat portion, from a region containing f-
trapped 2-spheres. The dominant energy condition is also assumed, and furthermore the
matter-energy is incoming so that ∂m/∂v ≥ 0 on (R1 ∪AH1)∩ J+(EH). Under these
assumptions, AH1 will eventually be spacelike (actually achronal) and asymptotic to
(probably merging) the EH [36]. The relevant Penrose diagrams are shown in figure 2.
The hypersurface Σ
The spacetime (11) does not have a Kerr-Schild vector field in general, but we can
insist on using ~ξ = ∂v, called the Kodama vector [18]. This is hypersurface orthogonal
with the level function τ defined by
ξµdxµ =−Fdτ = eβdr− e2β
(
1− 2m(v,r)
r
)
dv. (12)
i−
r
=
0
i+
J +
i0
J −
σ
v
=
0
EH
EH
AH1
Σ
flat
flat
i−
r
=
0
r = 0 i+
J +
i0
J −
σ
v
=
0
Σ
EH
A
H
1
=
E
H
v
=
v
1
AH1
flat
flat
Schwarzschild
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0
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J +
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J −σ
v
=
0
EH
EH
Σ
AH1
flat
r = 0
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r
=
0
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J +
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v
=
0
Σ
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A
H
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=
E
H
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=
v
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FIGURE 2. Conformal diagrams of (11) for the cases with m(v,r)< M everywhere (first and third) or
with m(v,r) = M in some open asymptotic region (second and fourth). The spacetime is flat below v = 0.
EH may start developing in the flat region or not. The hypersurface σ separating the flat portion and the
rest of the spacetime cannot be spacelike. The shaded regions have non-vanishing energy-momentum.
The connected component AH1 approaches EH either asymptotically or at some finite value of v ≤ v1
and r = 2M. The first collapsing shell σ may lead or not to the formation of a singularity depending
on the properties of the mass function m(v,r). The future evolution of the spacetime is thus left open
for the shaded regions, and the third and fourth diagrams describe cases where there is a regular centre
of symmetry in the non-flat non-empty region. AH1 is spacelike when approaching EH, but this is not
necessarily so in other regions: in the last two diagrams, AH1 is timelike close to the left upper corner.
The hypersurface Σ puts a limit to the past on the possible location of f-trapped closed surfaces and,
therefore, ofB. This hypersurface may enter the flat region (an example is the first diagram) or not. If the
inflow of mass stops and there is a final Schwarzschild region of mass M, then Σ merges with the EH and
AH1 at r = 2M (second and fourth diagrams). The diagrams shown are only relevant possibilities, and
many other possible combinations of the mentioned features are also feasible.
Its norm is
ξµξ µ =−e2β
(
1− 2m(v,r)
r
)
, `µξ µ =−1
where now `µdxµ =−eβdv, ~` =−e−β∂r, so that ~ξ is future-pointing timelike (null) on
R0 (at AH).
As in the Vaidya case, set τΣ ≡ infx∈AH1 τ|x and define Σ ≡ {τ = τΣ}. The properties
and characterization of Σ are the same as in the Vaidya case. Concerning its location,
this depends on whether 8m˙0 > (1−2m′0)2 or not. Here m˙0 and m′0 are the limits of ∂m∂v
and ∂m∂ r when approaching (v = v
+
0 ,r = 0), respectively, v0 ≥ 0 being the value of v|σ at
r = 0 (see figure 2). In the former case, Σ does penetrate the flat region, but it may not
be so in the other cases [8]. Some possibilities have been shown in figure 2.
The Lie derivative of the metric with respect to the Kodama vector can be easily
computed
(£~ξg)µν = e
2β 2
r
∂m
∂v
`µ`ν − ∂β∂v
(
`µξν + `νξµ
)
and this can be seen to be sufficient so that the fundamental results —concerning the
non-existence of a minimum of τ and related— hold. Therefore, one can obtain the
following important results:
• No closed generically f-trapped surface can penetrate the region τ < τΣ.
• No closed f-trapped surface can enter the region τ ≤ τΣ.
• The minimum τm of τ on a closed f-trapped S is always attained within r ≤ 2m(v),
• furthermore, is S happens to cross AH1, then τ|S∩R1 > τˆm > τm and r|S∩R1 < rˆ
where τˆm is the minimum value of τ|S on AH1, and rˆ is the value of r at the 2-
sphere ςˆ ≡ {τ = τˆm}∩AH1.
As before, these properties of Σ provide strong restrictions on the possible locations of
the boundaryB. This is analyzed in more detail in the next section.
THE BOUNDARYB IN SPHERICAL SYMMETRY
Start by defining [15, 8] the future-trapped region T as the set of points x ∈ V such that
x lies on a closed f-trapped surface. T is an open set, as follows from the application
of the formula for the variation of the null expansions (e.g. [1] or many of references
therein). However, T is not necessarily connected.
Denote then by B the boundary of the f-trapped region: B ≡ ∂T . This is related to
the “trapping boundaries” in [15].B being the boundary of an open set, it is a closed set
without boundary. Moreover B∩T = /0. Observe that B divides the spacetime in two
separate portions, becauseB is also the boundary of the untrapped region defined by the
set of points x /∈ T . Again, B is not necessarily connected. The connected component
of B associated to AH1 will be denoted by B1. It is important to remark that B is
a genuine spacetime object, independent of any foliations or initial Cauchy data sets.
Hence, B is basically different from the boundary of f-trapped surfaces contained in
given slices and studied, e.g., in [3].
The previous properties are independent of spherical symmetry. If this symmetry is
assumed, then one has:
in arbitrary spherically symmetric spacetimes, T and B have spherical
symmetry. Actually,B (if not empty) is a spherically symmetric hypersurface
without boundary.
Set τB ≡ infx∈B τ|x where τ =const. are the level hypersurfaces of the Kodama vector
~ξ . The following important results hold [8]:
• The connected componentB1 does not have a positive minimum value of r,
• moreover τB = infx∈B1 τ|x = τΣ,
• B1 ⊂ (R1∪AH1)∩{τ ≥ τΣ},
• B1 merges with, or approaches asymptotically, Σ, AH1 and EH in such a way that
(B1\EH)∩AH1 = /0.
• B1\EH cannot be tangent to a τ =const. hypersurface, so that τ is a monotonically
decreasing function of r onB1\EH.
• In particular,B1∩ (Σ\EH) = /0.
• B1 cannot be non-spacelike everywhere. And it is spacelike close to the merging
with Σ and EH.
These results prove that B1\EH must be placed strictly above Σ and strictly below
AH1. The allowed region forB1 is shown in figure 3 for several possibilities of interest.
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FIGURE 3. These are enlargements of appropriate regions for the four cases shown in figure 2. The
boundaryB1 must lie in the yellow region, and it cannot touch its upper and lower limit —given by AH1
and Σ— away from EH. If there is a Schwarzschild region with mass M thenB1 coincides with EH (and
Σ and AH1) there.
Observe that (B1\EH) is entirely contained in the region R1, that is to say, in the
region with r > 2m so that ~ξ is timelike and future-pointing there. Given that, from the
fundamental results, no generically f-trapped closed surface can be contained in that
region, it follows that
(B1\EH) cannot be a marginally trapped tube, let alone a dynamical or
future outer trapping horizon.
Notice that the only closed marginally f-trapped surfaces that can be contained inB1 are
those which are actually on its partB1∩EH, if any. Observe also that this result implies
that the notion of “limit section” in [15] is generically non-existent, and thus theorem 7
in that reference is essentially empty in the sense that its assumptions are rarely met.
Let
~η = ∂v+ eβA∂r
be the normal vector field toB1 and extend A to be a function A(v,r) on a neighborhood
ofB1, so thatB1 belongs to a local foliation of hypersurfaces Σt ≡ {t = const.}, where
t is defined by (G > 0)
ηµdxµ =−Gdt = eβdr− e2β
(
1− 2m
r
−A
)
dv. (13)
By applying the reasonings used to derive the fundamental results to this hypersurface-
orthogonal vector field on the regions Bs1 where it is spacelike —for instance at the
asymptotic region whenB1 is about to merge with Σ and AH1—, one can deduce that
Pµν(£~ηg)µν |Bs1 ≤ 0 (14)
for all projectors of generically f-trapped surfaces tangent toBs1 at some point. This puts
severe restrictions on the boundaryB1, see [8]. In particular,
B1 cannot have a positive semi-definite second fundamental form at any
point where it is spacelike.
Actually, the condition (14) is much more restrictive than this because it has to hold for
all mentioned projectors. The combination of this with the spherical symmetry leads in
turn to severe restrictions on the second fundamental form of Bs1 —more generally, on
the projection of £~ηg toB1, be this spacelike or not— and its eigenvalues. This is work
in progress [8].
CONCLUSIONS AND OUTLOOK
The main conclusions are:
• Closed trapped surfaces can penetrate flat portions of spacetime.
• Closed trapped surfaces are highly non-local, a manifestation of the teleological
character of the event horizon.
• The boundaryB seems to be a fundamental spacetime object, specially in asymp-
totically flat black-hole spacetimes. It defines the region where dynamical or future
outer trapping horizons can exist.
• B\EH does not include any portion of a marginally trapped tube. Actually, it does
not contain any closed generically f-trapped surface.
• The location ofB has been severely restricted, and we are working on its intrinsic
characterization.
• Of course, one wishes to eventually give up spherical symmetry. In this sense
– The techniques used to define τ and to utilize it are completely general.
– The main formula (7), the general results on minima, etc. are also fully gen-
eral.
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